Introduction
Let H be a complex Hilbert space with inner product ·, · and the associated norm · , and let A be a contraction ( A ≡ sup{ Ax : x ∈ H, x = 1} 1) on H. The defect index of A is, by definition, rank (I − A * A), that is, the dimension of the closure of the range ran (I − A * A) of I − A * A. It is a measure of how far A is from the isometries, and plays a prominent role in the Sz.-Nagy-Foia¸s theory of canonical model for contractions [8] .
In this paper, we are concerned with the defect indices of powers of a contraction. We show that, for a contraction A, d A n is at most nd A for any n 0. They are in general not equal. The equality does hold in certain cases. For example, if A n converges to 0 in the strong operator topology and d A = 1, then d A n = n for all finite n, 0 n dim H. The equality (for some n's) also arises in another situation, namely, in relation to the norm-one index. Recall that the norm-one index k A of a contraction A is defined as sup{n 0 : A n = 1}. It was proven in [ 
Powers of a contraction
We start with some basic properties for the defect indices of powers of a contraction. These include a "triangle inequality" and their increasingness. 
The proof depends on the following more general lemma. 
Proof of Lemma 1.2. Since
where we used C * B * BC C * C because B * B I, we obtain ran (I − 
The following corollary is an easy consequence of Theorem 1.1 (b). Proof. Under our assumption that d A = 1, we have d A n n for all n 0 by Theorem 1.1 (a). Assume that d A n 0 < n 0 for some finite n 0 , 1 < n 0 dim H. Since d A n increases in n, the pigeonhole principle and Theorem 1.
for n n 0 . Let K denote this common subspace. For x in K, we have A n x = x for all n n 0 . On the other hand, the assumption that A n → 0 in the strong operator topology yields that A n x → 0 as n → ∞. From these, we conclude that x = 0 and hence K = {0}. This is the same as ker(
Let A be a contraction on H. Since A * maps H n to H n+1 for n 0 as shown in the proof of Theorem
Note that, for any
Recall that a contraction is completely nonunitary (c.n.u.) if it has no nontrivial reducing subspace on which it is unitary. A can be uniquely decomposed as
]). Thus the above decomposition can be further refined as
where S m denotes the unilateral shift with multiplicity m(0 m ∞),
is c.n.u., and 
Corollary 1.5. If A is a contraction on a finite-dimensional space with d
is one example. Such operators and their infinite-dimensional analogues S(φ) (φ an inner function) are first studied by Sarason [7] . They play the role of the building blocks of the Jordan model for C 0 contractions [1, 8] .
Theorem 1.6. Let A be a contraction on H.
(a) Let n 0 be a nonnegative integer. Then
where V is isometric. First assume that the d A n 's are as asserted. We need to show that A = P H ∞ A|H ∞ is of class S n 0 . Our assumption on d A n implies that H ∞ = H n 0 is of dimension n 0 . Moreover, for any n 0, we have
where the last equality holds because I − A n * A n 0. Hence 1 (a) . If d A n 1 < n 1 for some n 1 2, then an argument analogous to the one for the second half of (a) yields that H ∞ = H n 1 is of dimension less than n 1 . This contradicts our assumption. Hence we must have d A n = n for all n. 
We now proceed to consider contractions

Proof. Assume that dim H ∞ < ∞ and let
where S m denotes the unilateral shift with multiplicity m, 0 m ∞, and U is unitary. We need to show that S m does not appear in this representation of A or, equivalently, m = 0. We first prove that m is finite. Indeed, since 
We infer from the assumption
where A is the c.n.u. part of A acting on the finite-dimensional space H ∞ . The converse is trivial.
The next two results are valid for any operators.
Proposition 1.9. If A is an operator with d
where U is unitary and F has finite rank, by Lemma 1.7 (b).
For any n 1, we have A Note that the preceding proposition is false if 1 , a 2 , . . .) ⊕ S, where S denotes the (simple) unilateral shift. Let φ be the Blaschke product with zeros a n :
and let B = S(φ) ⊕ S, where S(φ) denotes the compression of the shift
It is known that diag (a n ) is itself a C 0 contraction which is quasi-similar to S(φ) (cf. [9, Theorem 3] ). Thus A is quasi-similar to B. But
Relation to norm-one index
As defined in [3, p. 364 
], the norm-one index of a contraction
This number is to measure how far the powers of A remain to have norm one. It is easily seen that (1) 
Proof. Assume that
k A = (m/d A ) − 1. If σ (A) ∩ ∂D / = ∅, then (m/d A ) − 1 = k A = ∞, which implies that d A = 0 or A is unitary. Hence we may assume that σ (A) ⊆ D. Then k A < ∞. From k A = (m/d A ) − 1,= l − 1. From k A = (m/d A ) − 1, we have m/d A = l. Note that d A n nd A for 1 n l by Theorem 1.1 (a). If d A n 0 < n 0 d A for some n 0 , 1 n 0 l, then d A l d A n 0 + d A l−n 0 < n 0 d A + (l − n 0 )d A = ld A = m= l − 1. Therefore, k C = (m/d C ) − 1 holds.
Contractive functions of a contraction
In this section, we consider the defect indices of contractive functions of a contraction, instead of just its powers. The first one is finite Blaschke products:
where |a j | < 1 for all j. 
then X 2 has dense range. Thus X * 2 : K ⊥ 2 → K ⊥ 1 is one-to-one. Therefore, 
